In this paper, we investigate the fault-tolerant Hamiltonian problems of crossed cubes with a faulty path. More precisely, let P denote any path in an n-dimensional crossed cube CQ n for n ≥ 5, and let V(P) be the vertex set of P. We show that CQ n − V(P) is Hamiltonian if |V(P)| ≤ n and is Hamiltonian connected if |V(P)| ≤ n−1. Compared with the previous results showing that the crossed cube is (n − 2)-fault-tolerant Hamiltonian and (n − 3)-fault-tolerant Hamiltonian connected for arbitrary faults, the contribution of this paper indicates that the crossed cube can tolerate more faulty vertices if these vertices happen to form some specific types of structures.
Introduction
In parallel and distributed multiprocessor systems, processors are connected by interconnection networks. In order to guarantee that the system performance can achieve the desired level, various network topologies of interconnection, such as k-ary trees, pancake graphs, star graphs, butterfly graphs, the binary n-cube, etc., have been proposed and extensively studied during the last two decades [18] , [24] , [27] . Among the many kinds of network topologies, the binary ncube (for short, hypercube) is one of the most popular networks since it has good properties such as regularity, symmetry, small diameter, strong connectivity, recursive construction, partitionability, and relatively low link complexity [26] . However, a potential drawback of the hypercube is its largest diameter in the family of bijective connection graphs [13] . To compensate for this drawback, many researchers tried to improve hypercubes and developed new network topologies, including twisted cubes [1] , augmented cubes [8] , Möbius cubes [9] , crossed cubes [11] , and locally twisted cubes [29] . In particular, the crossed cube is derived from the hypercube by changing the connection of some links, and its diameter is about half that of the hyperManuscript received January 9, 2015. Manuscript publicized September 15, 2015 . † The author is with the Department of Information Management, National Chin-Yi University of Technology, Taiwan.
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cube [4] , [10] , [11] . Moreover, the crossed cube has some attractive properties. For example, it has more cycles than the hypercube [15] , and it can embed binary trees [22] , paths of odd and even lengths [14] , [16] , and many-to-many disjoint path covers [25] . The crossed cube has received many researchers' attention [4] , [5] , [12] , [14] , [19] , [28] . Its definition will be introduced in the next section.
In terms of network analysis, the topological structure can be modeled as a simple undirected graph, in which vertices and edges represent processing units and communication links, respectively. Some important graph-theory definitions and notations are given below. For those not introduced here, we follow the standard terminology given by Bondy and Murty [2] . A simple undirected graph G is a graph with vertex set V(G) and edge set E(G), where |V(G)| > 0 and E(G) ⊆ {uv : u and v are two different vertices in V(G)}. Two vertices x and y of G are adjacent if
In particular, a path of length 0, i.e., a single vertex x, is denoted by x . We can write P as v 1 , v 2 , . . . , v i , Q, v j , . . . , v k+1 for convenience if Q is a segment of P and Q = v i , . . . , v j , where i ≤ j. The reverse of P, denoted by rev(P), is the path with the reverse vertex sequence of P; i.e., rev(P) = v k+1 , v k , . . . , v 1 . We use l(P) to denote the length of P. A cycle is a closed path with at least three vertices such that the last vertex is adjacent to the first one. A path is a Hamiltonian path of G if this path spans G, and a cycle is a Hamiltonian cycle of G if this cycle spans G. A graph G is Hamiltonian if it has a Hamiltonian cycle, and G is Hamiltonian connected if it contains a Hamiltonian path between any two distinct vertices.
Since vertex faults and edge faults may happen when a network is used in practice, it is meaningful to consider graph properties with respect to faulty networks. The faulttolerant Hamiltonicity of a Hamiltonian graph G indicates the maximum integer k such that G − F remains Hamiltonian for every F ⊂ (V(G) ∪ E(G)) with |F| ≤ k. Similarly, the fault-tolerant Hamiltonian connectedness of a Hamiltonian connected graph G indicates the maximum integer k such that G − F remains Hamiltonian connected for every F ⊂ (V(G) ∪ E(G)) with |F| ≤ k [19] . In other words, a graph G is k-fault-tolerant Hamiltonian (respectively, kfault-tolerant Hamiltonian connected) if it remains HamilCopyright c 2015 The Institute of Electronics, Information and Communication Engineers tonian (respectively, Hamiltonian connected) after removing at most k vertices and/or edges. Huang et al. [19] have shown that the n-dimensional crossed cube is (n − 2)-faulttolerant Hamiltonian and (n − 3)-fault-tolerant Hamiltonian connected if n ≥ 3.
It is possible that faulty vertices in a network form a specific type of graph. For example, some routing strategies use vertex-disjoint paths and store them in dynamic routing tables. Once a local routing path is malfunctioned, it can be treated as being removed from the network in a pessimistic manner. That is, the associated routing switches form a path structure. Using the topological relation among faulty vertices, a network may tolerate more faulty vertices and sustain its fault-tolerant Hamiltonicity and Hamiltonian connectedness. In literature, the problem of conditional edgefault Hamiltonicity of some networks has been addressed, where it is assumed that each node is incident to at least two fault-free edges [17] , [20] . Rather than the viewpoint of conditional edge-faults, the property of conditional vertexfaults may be of great importance.
Motivated by the above reasons, we investigate the fault-tolerant Hamiltonicity and Hamiltonian connectedness of crossed cubes with faulty vertices under the condition that these faulty vertices form a path. Our preliminary results were presented in [6] and [7] . In this paper, we improve the correctness of the previous results and formally show that the crossed cube can tolerate more faulty vertices if they form a path. More precisely, let P denote any path in an n-dimensional crossed cube CQ n for n ≥ 5. We show that CQ n − V(P) is Hamiltonian if |V(P)| ≤ n and is Hamiltonian connected if |V(P)| ≤ n − 1.
The problem of path-fault-tolerant Hamiltonian connectedness can be considered as the variant of the problem of geodesic cycles. Let G be a graph, and let u and v be two vertices of G. A shortest path joining u and [3] . In [23] , Lai et al. discussed the geodesic cycles of different lengths in the hypercube. Intuitively, a (u-v)-geodesic cycle C can be represented as the union of two vertex-disjoint paths P 1 and P 2 if |V(C)| ≥ 5: P 1 is a (u-v)-geodesic and P 2 is a path joining x and y, where x and y are adjacent to u and v respectively. Thus, for a fault-free crossed cube, we can apply the path-fault-tolerant Hamiltonian connectedness and consider a (u-v)-geodesic as a path fault to find a (u-v)-geodesic Hamiltonian cycle. Since, in this paper, the crossed cube can tolerate any path fault P joining u and v with length at most n − 2 and P may be much longer than a (u-v)-geodesic, the problem of finding geodesic Hamiltonian cycles in the crossed cube is generalized to be one without the constraint of shortest paths.
The rest part of this paper is organized as follows. In Sect. 2, the definition and some properties of the crossed cube are introduced. In Sect. 3, we propose our main results by two theorems and we show their correctness by induction. Finally, in Sect. 4, some concluding remarks are given.
The Crossed Cube and Its Properties
The n-dimensional crossed cube CQ n has 2 n vertices, each of which corresponds to an n-bit binary string. To define the crossed cube, we first need to introduce an additional concept "pair related".
Definition 1:
[11] Two 2-bit binary strings x = x 2 x 1 and y = y 2 y 1 are pair related, denoted by x ∼ y, if and only if (x, y) ∈ {(00, 00), (10, 10) , (01, 11), (11, 01)}.
The formal definition of CQ n is given below. Definition 2: [11] The n-dimensional crossed cube CQ n is recursively constructed as follows:
(i) CQ 1 is a complete graph with vertex set {0, 1}.
(ii) CQ 2 is isomorphic to a cycle of length 4 with vertex set {00, 01, 10, 11} and edge set {00 01, 00 10, 10 11, 01 11}. 
Figure 1 depicts the CQ 3 and CQ 4 . It was proved that CQ n is n-connected [21] and its diameter is n+1 2 [11] . A vertex u = u n u n−1 . . . u 1 of CQ n is said to be adjacent to a vertex v = v n v n−1 . . . v 1 along the ith dimension, 1 ≤ i ≤ n, if the following four conditions are all satisfied: n and (y) n . Then, 
Fault-Tolerant Hamiltonicity and Hamiltonian Connectedness
In this section, we propose two theorems as our main results to show that the crossed cube can tolerate more faulty vertices if these vertices form a path.
Theorem 7:
Let P be any path of CQ n , where n ≥ 5 and |V(P)| ≤ n. Then, CQ n − V(P) is Hamiltonian.
Proof. By Lemma 3, this theorem holds for |V(P)| ≤ n − 2. We will prove this theorem by induction on n for |V(P)| ∈ {n − 1, n}. By a computer program (see http://140.128.10.61/PF/CQn/index.htm), we have the validity of the induction base on CQ 5 . The inductive hypothesis is that this theorem holds for all CQ k , 5 ≤ k ≤ n − 1. Then, we show that there exists a fault-tolerant Hamiltonian cycle HC in CQ n − V(P). Fig. 2 (b) .
is a Hamiltonian cycle of CQ n − V(P). The illustration of this case is shown in
Case 3. |F 0 | ∈ {n − 3, n − 2} and |F 1 | = 2. According to the possibilities of F 1 , there are two subcases to consider. Subcase 3.1. F 1 = {v i , v i+1 } with 2 ≤ i ≤ m − 2. In this subcase, F 0 forms two paths, say P 1 and P 2 . Assume P 1 contains vertex v 1 . Let P * 1 be the path of P 1 − {v 1 }. Since |V(P * 1 )∪V(P 2 )| ∈ {n−4, n−3}, we obtain that CQ 
, a is our required cycle. See Fig. 2 (c) for illustration. Subcase 3.2. 
, rev(R), a is a Hamiltonian cycle of CQ n − V(P).
Case 4. |F 0 | ∈ {n − 4, n − 3} and |F 1 | = 3. In this case, there are three probabilities for F 1 as follows: (i) By the argument above, this completes the proof.
Theorem 8:
Let P be any path of CQ n , where n ≥ 5 and
Proof. Lemma 3 ensures the correctness of this theorem for |V(P)| ≤ n − 3. We will prove this theorem by induction on n for |V(P)| ∈ {n − 2, n − 1}. By Lemmas 5 and 6, we have the validity of the induction base on CQ 5 . Assuming that this theorem holds for all CQ k , 5 ≤ k ≤ n − 1, we show that this theorem also holds for CQ n . That is, we show that there exists a fault-tolerant Hamiltonian path HP joining any two distinct vertices a and b in CQ n − V(P). R as a, R 1 , x, v 1 , y, R 2 , b , where x and y are adjacent to v 1 n and (y) n . Then, we set HP = a, R 1 , x, (x) n , S , (y) n , y, R 2 , b , and HP is a Hamiltonian path joining a and b in CQ n − V(P). Figure 3 n , S , (q) n , q, x, b is our required path as shown in Fig. 3 (c) . n and b. We set HP = a, t, (t) n , R , x, (x) n , S , b that is our required path. See Fig. 3 (d) n , t, S , b is our required path as shown in Fig. 3 (e) . n , R , x, b is our required path as shown in Fig. 3 (f) .
Case 2. |F 0 | ∈ {n − 3, n − 2} and |F 1 | = 1. In this case, n and (y) n . Then, HP = a, R 1 , x, (x) n , S , (y) n , y, R 2 , b is our required path as shown in Fig. 4(a) . HP = a, R , p, (p) n , S , (q) n , q, x, b is our required path. See Fig. 4 (c n and b. We set HP = a, t, (t) n , R , x, (x) n , S , b , and HP is our required path. See Fig. 4 (d) for illustration. n , R , x, b is our required path as shown in Fig. 4 (f) . This completes the proof.
Concluding Remarks
In this paper, we show that a crossed cube CQ n , n ≥ 5, can be n-fault-tolerant Hamiltonian and (n−1)-fault-tolerant Hamiltonian connected if the faulty vertices form a path. Our results imply that the crossed cube can tolerate more faulty vertices if they happen to form some specific types of structures. Motivated by these results, our future work will be devoted to answering how long the length of an arbitrary path fault the crossed cube can sustain. The crossed cube belongs to the family of bijective connection graphs [13] and really shares many common advantages with other members of this family. As another direction of future research, we are also interested in studying path-fault tolerance of Hamiltonicity and Hamiltonian connectedness with respect to bijective connection graphs.
